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A meta substitution leaves the moment unchanged in 
magnitude. 

An ortho substitution increases the moment and therefore 
increases the specific inductive capacity. 

It would seem that determinations of the specific inductive 
capacity might be useful in determining whether the second 
substituent went into the para, ortho, or meta position. 

If the second substituent is not the same as the first, thus 
if I' is the moment due to the second, the moment of the 
molecule if the second substituent goes into : 

(1) The para position is I— I'. 

(2) The ortho position is (F + I ' 2 + II') 1/2 - 

(3) The meta position is (I*+I /a — II') 1/3 . 

If I and I' have the same sign, i.e., if both substituents 
belong to the same type, the specific inductive capacity will 
be least for the para position and greatest for the ortho — that 
for the meta position will be between the values for the para 
and ortho. 

If, however, the two substituents belong to different types 
I' will be of the opposite sign to I, and the specific inductive 
capacity will be greatest in the para position and least in the 
ortho. 


LV. On a Second Approximation to the Quantum Iheory 
of the Simple Zeeman Effect and the Appearance of New 
Components. By A. M. Mosharrafa, King's College, 
London *. 

§ 1. The Hypothetical Path of Equal Energy. 

I N a previous paper f a first approximation to the theory 
of the simple Zeeman effect was put forward, based on 
the extended form of the quantum restrictions, viz. 

J ' (pi—ea t )dqi = nji, t = 1, 2, 3, ... , . . (1) 

where a is the magnetic vector potential and the integration 
extends from ^minimum to q { = maximum and back again. 
It was found that the method of separation of the variables 
conld be successfully applied in the presence of the field H, 
provided all terms of higher order than the first in H were 
* Communicated by Prof. O. W. Richardson, F.R.S. 
f t^Roy. Soc. Proc. A. vol, cii. p. 529 (1923). This will be referred to 
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neglected. In this paper we shall show that the method can 
still be applied, without any restriction as to the degree o£ 
approximation, to a hypothetical motion which possesses the 
same energy as the actual motion. 

Let X* be one of the actual paths of the electron in the 
presence of the field. Thus X is completely defined by 
the following six equations in spherical polar coordinates f 
with the origin in the nucleus and Os in the direction of H : 

d(mr)/dt — mrd 2 — mr sin 2 dxjr 3 = 

- d(mr i d)/dt — mr sin 6 cos 0yjc 2 = 

i P ' dr ~ 

i p » dl> = 

J o (/ty— m o 6>r * sin * = 

where m is the mass of the electron [variable], m 0 is the 
value of m for zero velocity, (— e) and E are the charges on 
the electron and nucleus respectively, m is given by 

<o = «H/2m 0 c, ...... (4) 

and K is the so-called “ Ooriolic ’’ force acting on the 
electron on account of its motion in the magnetic field, 
being equal per unit charge to the vector product of the 
velocity and the field. Thus 

Kr =— <?Hr sin 8 . . . («) \ 

Ke = — eRr sin 0 cos djrjc, . (j8) >• (5) 

Kf = eR (r sin 0+r cos 6 0)/c. (y) > 

Consider a hypothetical path T defined by the six equations 
obtained from (2) and (3) by putting K r =Ke = K^, = 0 in 
the former but xoithout altering the latter in any way. X can 
thus be conceived to be derived from T by the operation of 

* 2 and r here used to denote the complete specific motions in the 
two respective cases. 

t The proof is equally valid for any set of coordinates. We choose 
spherical polars in this section merely because they are adopted in the 
rest of the paper. 
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the coriolic forces alone *. Now the element of work done 
by the coriolic forces is equal to 

(K, i' r -f dt, 

where v is the velocity of the electron at the time considered. 
And, on using the values of v r , vg, and in terms of the 
coordinates, viz. 

tv = r, v 6 = rd, Vyj, = r sin 0ifr, 
this is seen from (5) to be identically equal to 0. In other 
words, the introduction of the coriolic forces alone cannot 
affect the energy of the electron, and therefore 

W(X) = W(r> = W, say, .... (6) 

where W(%) and W(r) are the respective energies of the 
two paths. Hence we may calculate the value of W by 
considering the motion in T instead of in %. 

§2. The Expression for W. 

Any path T is a “relativity ellipse,” the dimensions of 
which are defined by the modified quantum restrictions (3). 
We thus have for T, from the analysis given in § 2 of our 
previous paper, on putting H=0 : 

p r =mr = ✓[A + SB/r+C/»*], (*K 
Pg = mr*e = F 2 /sin 2 0]. . (ff) > (7) 

P) = mr* sin 2 ffyjr = F, . . . . (y )' 

where A, B, and 0 are given by 

A == 2wt 0 W(l + W/2m 0 c 2 ), . . («) \ 

B = eEm 0 (l + W/m 0 c*), . . . (0) ( (8) 

C = -(p*-e*E’/<?) (y)) 

and p and F are constants. From (3) and (7) we have 

J* # V[A + 2B/r -»-C/r*]dr = nji, ... (a) 

V [p 3 — F 2 /sin 2 0] dO = n 3 h, . . . (j8) | (9) 

I [F— m O (or 2 sin 2 0]«tyr = Ha h, . . . ( y y 

* It must be clearly understood that this cannot be achieved by 
actually introducing the magnetic field, since the introduction of a 
magnetic field involves other forces besides K, viz. the induction forces, 
vfliich do in fact alter the energy. 
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and the first two integrals yield as before 

27ri[ N /0 + B/ > /A] = nfi, . . . (a) | 

27r(p — F) = n 2 h. . . . (/3) J 

To evaluate the third integral we have to deal with 

1 = a>m 0 ^ r 2 sin 2 dd^fr, ( 11 ) 

° rSmCe m = m 0 / V /( l-F), (12) 

we have from (7 7 ), (11), and (12), 

(13) 

where T is the time from yjr=0 to i|r=27r. Let 

T = T 0 +S (l) T + 5 o T + ... , (14) 

where 6 W T and S a T are first-order terms in tu and a re- 
spectively, a being given by 

« = (2tt)VE */AV, (15) 

and T 0 being the value of T. calculated for s)=«=0. 

We have as a first approximation to the value of I : 


I = o)FT 0 +..., . . 
Wb " e T 0 = (n,+»)72N, . 

N being the Rydberg constant 

N = (2rrym 0 e 2 W/2h 3 


. . . (16) 
• • • ( 17 ) 


From (9 7 ), (11), and (16), we have 

2wF = M 3 A[l+®T a /27r + ...], . . . (10 7 ) 

Thus, as a first approximation, the motion in T is defined 
by exactly the same equations as in the ordinary Bohr- 
Sonnnerfeld atom, except that n 3 is now replaced by 


Hence, using (17), 


To + S«,T= [n 1 + n 2 + « 3 (l + fB T 0 /27r)] 3 /2N 

to the first order, 
S„T/T 0 = 3n 3 <oT 0 /2ir(n 1 %) 


so that 


( 20 ) 
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Now I can be put in the form 

I = fflF(l + S w T/T 0 )J v/(l ~/3 2 )dt . . (21) 

to the second order, where the last integral is evaluated 
for to = 0. This evaluation is quite independent of a mag- 
netic field, and merely relates to the Bohr-Sommerfeld 
atom. Quoting here the result given in the Appendix ( q . v.) 
for this integral, and using the value for F given by (10 y), 
we have 

I = n 3 h{ L +/,(!,) . « B T 0 /2w-«/ s (n)} W T 0 /2,r, (22) 

where 

/i(«) = l + 3« 8 /.(« + n 3 ), ' («) \ 

/ 8 (n) = [l + 5n 1 /2n + n 1 V2« 1 ]/(« l + n) 1 . (j8) / ^ 
Equations (9 y), (11), and (22) finally yield 
2 ttF = n 8 /i{l + £oT 0 /27r+/ 1 (n)(«oT 0 /27r) 2 

—/*(») . «®T 0 / 2tt + ...}. (10 yd) 

Thus the equations defining T are identical, to the second 
order of small quantities, with those defining the normal 
atom if we write n 3 ' for n 8 , where 

n 8 = n 8 {l + e>T 0 /2ir+/i(n) . (o>T 0 [2iry—f a (n ) . «wT 0 /27r}. 

... (24) 

The change in energy can thus at once be calculated from 
the normal expression for the energy by making this sub- 
stitution. The normal expression for the energy can be put 
in the form 

Waotm.— — N/l{l + «$i(wi/n)/ (Mj + n) 2 

+ * a <f> 3 (n 1 ln)l(n 1 +n)*+...}J(n 1 + n) 2 , (25) 

where 

^iK/u) = l/4 + n,/n, («) | 

<M«i/ n ) = ll$ + Zn 1 Hn + 3n 1 */2n 3 + n 1 W ; (ff) j 
from which we calculate, using (23), (26 a), and (17) : 

S w W = n^mj2nr, («) - 

B a W = — N/ia0j K/n)/(wi +n) 4 , (8) 

8 U *W = («i + n)W«“ J Ll + 3n 3 /2(« 1 + r t )]/2 . (2 tt) 2 N, ( 7 ) >. 

8 a >W =— N JuA<f>,{n 1 !n)l(n l + nY, (8) 

8 W| „ W = -nswa/VlTr^ + n!)* (e) ^ 

• • • (27) 
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§ 3. Significance of the Results of § 2, and General 
Character of the Zeeman Decomposition. 

Of the five increments of energy given by (27) the first 
two merely give the simple Zeeman triplet and the first- 
order fine structure respectively, as already dealt within the 
last paper. (27 8) is the second-order term for the fine 
structure and leads to a change in wave-length of the 
order 10 -6 A, which is much too small to be detected. 
With regard to the other two terms, we have from (27) 


^.aW/S wa W=-27r«N/®/ 1 (n)(n + n,) 8 } • • (28) 

and on substituting the values for to, a, and N for hydrogen 
(I£ = e), viz. 

s)/27t = 1*406 x 10 s H (29) 

« = 5-5 x 10-®, (30) 

N =3-290 xlO 15 , (31) 

we have, since ffn) (=) 1, 

V« W /^W(=)10®/H( Wl + n)®, . . . (32) 


where ( = ) stands, for equality of order of magnitude only. 

Now the smallest value for H which will give a mea- 
surable second-order effect is of the order 10 e Gauss ; so 
that we have for a measurable efEect : 

| aW/S^W I < 1/10(«[ + n) 5 . 

Thus for the Balmer Series («! + n = 2) the ratio is less 
than 10 ~ 2 , and it is still less for the enhanced series 
(rq + n > 2) . It must, nevertheless, be noted that for fields 
higher than H(=)10 8 Gauss, although the above ratio 
is reduced to less than 10“ 4 , yet the 8 W a W term would 
lead to measurable effects. Such very high fields are, 
however, not likely to be attained at present. We thus 
see that the only second-order term that has any importance 
in (27) is the term in to 2 , and the effect of the field may 
therefore still he described as a splitting of each of the fine 
structural components into a Zeeman multiplet. This multi- 
plet is no longer a simple triplet, however, but may be 
described as a splitting ©f each of the components of the 
simple Zeeman triplet into a number of “ sub-components.” 
The number of these sub-components depends on (wj + rc), 
i. e. on the value of the constant series term of the spectral 
“line” in question. Thus there are (w + jq + 1) sub-com- 
ponents of the middle member of the triplet (?n 3 — n 3 =0), 
(n + nj + 1) of the “violet” member (m 3 — n 3 =+l), and 
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(n + nj) of the “red” member (m s — n 8 =— 1), altogether 
3(n+nj)+2 sub-components. One of these, belonging 
to the middle member of the triplet and corresponding to 
m 3 =n 3 =0, always occupies the position of the original 
line. It is also to be noted that, as in the case of the 
Stark effect*, this second-order deviation from symmetry 
increases as we approach the more violet end of a given 
series, i. e. as m j + m increases. This is on account of the 
occurrence of (m 1 + «i) 8 in the expression for Sv [see 
equations (33) and (34) below]. Thus for the Balmer 
Series the effect would be more pronounced for than 
for H a , and so on. 


§ 4. Application to the Balmer Series. 

We choose H y as an example. We have from (27), on 
restricting ourselves to the second-order effect and dropping 
the suffix a> a for brevity, 

8v = - Z»)/2N . (2 tt) 2 , .... (33) 

where 

Z m = (m x + m) s m g [1 + 3m s /2 (m t +m)], ) 
Z.-(m+n)S[l+3^2(* 1 + «)]. /• • W 

For H y , since m 1 + m=5, nj + n=2, (34) reduces to 
Z M = 125m 3 (l + 3m 5 /10), ) 

Z„ = 8« 3 (l + 3n 8 /4). j • • • ( 34fl ) 


And from (33) we have for the increment of wave-length g\ 
SA' = — X*®*[Z m — Z n ]/2Nc . {2ir) a . . . (35) 

On putting \= , 434xl0 -4 and substituting for N and o> 
from (31) and (29) respectively for a hypothetical magnetic 

fieH: H = 10® Gauss, (36) 

we have 8V = _ 1-89 x 10- 8 [Z m -Z B ], . . . (37) 

where 8X/ = 8\ x 10®, i. e. where SV is measured in Angstrom 
units. 

The different possible values of Z' m and Z„ are given in 
Table A, and the values of (Z OT — Z„) corresponding to the 
three components of the simple Zeeman triplet are given in 
Table B, together with the values of gV calculated from (37). 
Table B has been arranged so that the respective positions 
* See A. M. Mosharrafa, Phil. Mag. vol. xlix. p. 373 (August 1922). 
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Table A. 
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of the sub-components are, in each of the three cases, the 
same as they would appear on a photographic plate with 
the usual convention. We note that all displacements are 
towards the violet, except in the case of one of the sub- 
components of the red component, which is very slightly 
displaced towards the red. The greatest value of ( — fix') 
occurs for the violet component, and the least value for 
the red component : and this applies to all members of the 
Balmer series. 

Summary. 

(1) A second approximation to the theory of the simple 

Zeeman effect is worked out, based on the extended 
form of the quantum restrictions already adopted 
in a previous paper. 

(2) It is shown that the method of separation of the 

variables can be successfully applied for higher 
approximations than the first to a hypothetical 
motion which possesses the same energy as the 
actual motion. 

(3) The analysis takes account of the refinement of 

Relativity, but it is shown that the second-order 
effect of this refinement is negligible compared 
with that of the field. 

(4) The theory predicts a modification in the simple 

Zeeman triplet, which may be described as a 
splitting of each of its three components into a 
number of “ sub-components.” The general cha- 
racter of these sub-components is discussed. 

(5) The results are worked out fully in the case of H y for 

a hypothetical field of 10® Gauss, where second- 
order displacements ranging from +'03 A. to 
— 1'27 A. are predicted. 

Appendix (to § 2). 

To find ^/(l —ffidt for the Bohr-Sommerfeld atom, 
where is the time from ->Jr = 0 to \]r = 27r : 

Let (r, cf>) be polar coordinates in the plane of motion of 
the electron, so that 

tan <p = tan cos a, (i.) 

where a is the angle between the planes of i/r and <£, 
and the initial lines <f> = 0, tfr=0 are both perpendicular 
to the line of intersection of these two planes. We see 
from (i.) that as yjr changes from 0 to 2tt, </> changes 
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from 0 to 2tr also, so that we have 


^v> 

. . (ii.) 

where is the period for <f>. Let T r be the 

time from 

r=minimum to r= maximum and back again, 
by a well-known result to the first order in 1/e 2 : 

We have 

T 0 = T r (l-e 2 E 2 /2 p 0 V), . . 

. . (iii.) 

or since 

. . (iv.) 

Po = nhj2tr, 

we have from (ii.), (iii.), and (iv.) 


T* - T r (l-*/2«*), . . . . 

• • (v.) 


where a. is defined by equation (15) of the text. Thus 
to the first order in a 


Now we see from (7 a) and (12) of the text that 
✓(1-/8 3 )dt = m 0 dr-J V(A + 2B/r+C/r a ) j 

so that 

fTr 

j ff{l—^)dt = — moJ„ (vii.) 

where p 

J r = i *• / ✓ (A + 2B/r + C/r*) . . (viii.) 

and the negative sign is introduced on account of the 
negative nature of the integrand. J r may now be 
evaluated by the usual method of contour integration in 
the complex plane. We have to find the residues of the 
integrand at r=0 and r= ao. At r=0 it behaves as 

-^£r«*r(l + A»*+ 2Br) -v» 



which is regular. So that putting r=l/s, we have 


J r =-~ 1 j o ( 1 - B */ A +".)*/* 2 

= -27rixB/AyA, 


where it is observed that the sense of rotation at 


• (i*-) 


r= c© is 
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Mr. W. H. McCurdy on Electrical 
negative. Also since (— 1 / t/A) is seen from (ix.) to 
govern the sign of the integrand at r=<» it follows (see 
figure) that ( — l/v'A) must be negative and imaginary, 
and therefore \/A must be taken as the negative (imaginary) 
root of A. On substituting for A and B in (ix.) from (8) 
of the text we have 

Jr = - 2irieEm 0 [2m 0 W] ~ 3/2 [1 + W/4»i 0 c 2 4- ..], 
which yields to the first order on substituting for W 
from (25), 

Jr =-(% + «)W[l -^i + 3<f>i(n 1 /n)}/2(n 1 + nyj/(2 m Em 0 y, 
■ . . (x.) 

and from (vi.), (vii.), and (x.) we have 

J o Va-^dt^ToCl-^n)], . . (xi.) 

where T 0 has the same meaning as in the text and 
/.(») = {i + 3<h(ni/n) + (1 + njny \/2 (n, + n) » 

= [H-5ni/2n+V/2n 2 ]/(«i + «) s from (26 a). 

This is the result quoted in the text. 

January 1923. 


LYI. Electrical Discharges in Geissler Tubes with Hot 
Cathodes. By W. H. McCurdy, M.A., 1851 Exhibition 
Scholar, Princeton University *. 

I N a recent number of the ‘Physical Review/ Duffendackf 
reported results obtained from work on low-voltage arcs, 
stimulated by the emission from a hot cathode, in diatomic 
gases. As his work dealt only with the arc characteristics, 
it was thought possible that additional light might be thrown 
on the process of ionization by a study of the discharge in 
Geissler tubes, if a hot filament were used as cathode to 
stimulate the discharge. This eliminated the uncertainty as to 
the source of the electrons which produced the ionization in the 
tube, and, at the same time, overcame the very high cathode 
fall of potential encountered in cold electrode tubes. With 
an apparatus provided with a hot cathode and a movable 
anode, it should be possible to study the successive stages in 
* Communicated by Professor K. T. Compton, 
f Phys. itev. vol. xr. No. 6, p. 665. 



